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STATISTICAL UNBOUNDED CONVERGENCE IN
BANACH LATTICES
ZHANGJUN WANG, ZILI CHEN, AND JINXI CHEN
Abstract. Statistical and unbounded convergence have been in-
vestigated in the literature. In this paper, we introduce the statisti-
cal unbounded order and topology convergence in Banach lattices.
We first present some characterizations and related properties for
these convergences. Also we using the convergences to characterize
order continuous, KB and reflexive Banach lattices.
1. introduction
Several recent papers investigated unbounded convergence. A net
(xα) in Riesz space E is unbounded order convergent (uo-convergent
for short) to x if |xα − x| ∧ u
o
−→ 0 for all u ∈ E+. Similarly, there are
unbounded norm convergence, unbounded absolute weak convergence
and unbounded absolute weak* convergence in Banach lattices [8, 10,
13]. For further properties about these convergences, see [5-10,13] for
details.
Statistical convergence has been studied in functional analysis lit-
erature, and also been researched in Riesz spaces and Banach lattices
[11, 12]. In the past, statistical convergence was usually defined by
sequences. In [14], this convergence could be studied for special nets.
Combine these convergences, we introduce so called statistical un-
bounded convergence. We first establish the basic properties of statisti-
cal unbounded order convergence, statistical unbounded norm conver-
gence, statistical unbounded absolute weak convergence and statistical
unbounded absolute weak* convergence in Banach lattices, then we
using these convergences to describe order continuous Banach lattices,
KB-spaces and reflexive Banach lattices.
For undefined terminology, notations and basic theory of Riesz spaces
and Banach lattices, we refer to [1-4].
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2. statistical unbounded order convergence
We start with the definition of statistical order convergence. Let
K ⊂ N , the natural density of K is defined by
δ(K) = lim
n→∞
1
n
|{k ∈ K : k ≤ n}|
where | · | denotes the cardinality of the set. A sequence (xn) in Riesz
space E is statistical monotone increasing (resp. decreasing) if (xk)
is increasing (resp. decreasing) for k ∈ K with δ(K) = 1, we write
xn ↑
st (resp. xn ↓
st). A increasing or decreasing sequence will be
called a statistical monotonic sequence, moreover, if supk∈K xk = x
(resp. infk∈Kxk = x) for some x ∈ E, then (xn) is statistical monotone
convergent to x, we write xn ↑
st x (resp. xn ↓
st x). A sequence
(xn) in E is statistical order convergent to x ∈ E provided that there
exists a sequence pn ↓
st 0 such that |xn − x| ≤ pn, we call x the
statistical order limit of (xn) (xn
st−ord
−−−−→ x for short), it is easy to get
that δ{n ∈ N : |xn − x|  pn} = 0.
For a upwards directed set (D,≤), if for each β ∈ D, the set {α ∈
D : α ≤ β} is finite, we call it lower finite set. To a nonempty subset
A of D, the asymptotic density denoted by δ(A;D) = limα∈D
|A∩Dα|
|Dα|
,
where |Dα| denotes the cardinality of {β ∈ D : β ≤ α}. If the net is
defined on a lower finite set, we call it lower finite net. We are easy to
find that sequence is a special lower finite net. If (xn) (resp. (xα)) is
a sequence (resp. lower finite net) such that (xn) (resp. (xα)) satisfies
property P for all n (resp. α) except a set of natural density zero, then
we say that (xn) (resp. (xα)) satisfies property P for almost all n (resp.
α) and we abbreviate this by a.a.n (resp. a.a.α). According to these
definition, we can define statistical convergence for lower finite net. In
this paper, we use D denote lower finite set.
A net (xα) in Riesz space E is unbounded order convergent to x ∈ E
if (|xα − x| ∧ u) is order convergent for any u ∈ E
+. Combine these
convergences, we introduce a new convergence in Riesz space.
Definition 2.1. A sequence (xn) in a Riesz space E is statistical un-
bounded order convergent to x ∈ E if (|xn − x| ∧ u) is statistical order
convergent for all u ∈ E+ is statistical order convergent (denoted by
xn
st−uo
−−−→ x). Respectively, for a lower finite net (xα), if (|xα − x| ∧ u)
is statistical order convergent for all u ∈ E+, we call x the statistical
unbounded order limit of (xα) (xα
st−uo
−−−→ x for short).
Proposition 2.2. For lower finite net (xα) and (yα) in a Riesz space
E, we have the following results:
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(1) the st-uo-limit of (xα) is unique;
(2) suppose xα
st−uo
−−−→ x and yα
st−uo
−−−→ y, then axα+byα
st−uo
−−−→ ax+by
for any a, b ∈ R;
(3) xα
st−uo
−−−→ x iff (xα − x)
st−uo
−−−→ 0;
(4) if xα
st−uo
−−−→ x,then |xα|
st−uo
−−−→ |x|.
Proof. (1) Let (xα) be a sequence in E such that xα
st−uo
−−−→ x and
xα
st−uo
−−−→ y. Then we can find (pα), (qα) such that pα ↓
st 0 and qα ↓
st 0,
and a set B ⊂ D with δ(B;D) = 1 such that for β of the index subset
B of D, we have:
|xβ − x| ∧ u ≤ pβ ↓ 0, |xβ − y| ∧ u ≤ qβ ↓ 0.
Thus, we get
0 ≤ |x− y| ∧ u ≤ |xβ − x| ∧ u+ |xβ − y| ∧ u ≤ pβ + qβ
for every β ∈ B and u ∈ E+, which shows that x = y;
(2) and (3) is obviously;
(4) According to
∣∣|xα|−|x|∣∣∧u ≤ |xα−x|∧u, we have the conclusion.

It is similar to Theorem 7 of [11] that Squeeze law holds for statistical
unbounded order convergence.
Proposition 2.3. Let E be a Riesz space; (xα), (yα) and (zα) be lower
finite nets in E such that xα ≤ yα ≤ zα for all α ∈ D, if xα
st−uo
−−−→ x
and zα
st−uo
−−−→ x, then yα
st−uo
−−−→ x.
The st-uo-convergence preverse disjoint property.
Proposition 2.4. Let xα
st−uo
−−−→ x and δ(α ∈ D : |xα| ∧ |y| 6= 0) = 0,
then x ⊥ y.
Proof. Since xα
st−uo
−−−→ x, we have |xα|
st−uo
−−−→ |x|. According to |xα| ∧
|y| = 0 for a.a.α, and |xα|∧|y|
st−uo
−−−→ |x|∧|y|, it follows that |x|∧|y| = 0,
i.e.x ⊥ y. 
In general, any subsequence of a convergent sequence is convergent,
but it does not hold for st-uo-convergence.
Example 2.5. In lp(1 ≤ p < +∞), let (en) be the standard basis, and
xn =


k∑
1
ei2 , n = k
2(k ∈ N);
en, ortherwise.
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Since (en) is disjoint sequence, by Corollary 3.6 of [7], so it is unbounded
order convergent to 0, moreover, (xn) is statistical unbounded order
convergent to 0, but the subsequence (xk2) does not. We also can find
that (xn) is not st-order convergent and uo-convergent.
In Example 2.5, we know that st-uo-convergence is not necessarily
uo-convergence. When does the st-uo-convergence imply unbounded
order convergence? Next result show that the relation between two
convergences.
Proposition 2.6. Let (xα) be a lower finite net in Riesz space E, then
(xα) is statistical unbounded order convergent to x ∈ E if and only if
there is another lower finite net (yα) such that xα = yα for a.a.α and
which is unbounded order convergent to the same limit x.
Proof. ⇒ Following from definition.
⇐ Assume that xα = yα for a.a.α and yα
uo
−→ x. Then there exists
a lower finite (pα) ↓ 0 (hence pα ↓
st 0) and |yα − x| ∧ u ≤ pα for every
u ∈ E+. Thus, we can write
{α ≤ β : |xβ − x| ∧ u  pβ} ⊂
{α ≤ β : xβ 6= yβ} ∪ {α ≤ β : |yβ − x| ∧ u  pβ}
Since yα
uo
−→ x, the second set on the right side is empty. Hence we
have δ{α ∈ D : |xα − x| ∧ u  pα} = 0, i.e: xα
st−uo
−−−→ x. 
For monotonic lower finite net, we have the further result.
Proposition 2.7. For monotonic lower finite net (xα) in Riesz space
E, xα
uo
−→ x iff xα
st−uo
−−−→ x.
Proof. Assume that xα ↑ and xα
st−uo
−−−→ x, then there exists a B ⊂ D,
all β ∈ B and δ(B;D) = 1 such that (xβ) is a subnet of (xα) and
supβ∈B xβ = x. For all γ ∈ B
c, since xγ ↑, so we have xγ ↑≤ x,
factly, if xγ0 > x, then there exists a η0 such that xη0 ≥ xγ0 > x,
it is contradiction. And since for any γ we can find a β such that
xβ ≤ xγ ≤ x, by supβ∈B xβ = x, it follow that supγ∈Bc xγ = x, hence
xγ
uo
−→ x for γ ∈ Bc, so xα
uo
−→ x. 
Let (xn) be a lower finite net in Riesz space E, (xα) is called statistical
order bounded if there exists an order interval [x, y] such that δ{α ∈
D : xα /∈ [x, y]} = 0. It is clear that every order bounded lower finite
net is statistical order bounded, but the converse is not true in general.
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Example 2.8. In l∞, let (en) be the unit vectors, and
xn =
{
nen, n = k
2(k ∈ N);
en, ortherwise.
(xn) is statistical order bounded sequence, but it is not order bounded.
According to Example 2.5, st-uo-convergence is not necessarily sta-
tistical order convergence. It is natural to ask when the st-uo-convergence
implies st-ord-convergence? Next result shows that the st-uo-convergence
is the same as st-ord-convergence for statistical order bounded lower
finite net.
Proposition 2.9. Let (xα) be a statistical order bounded lower finite
net in Riesz space E and xα
st−uo
−−−→ x, then xα
st−ord
−−−−→ x.
Proof. Since xα
st−uo
−−−→ x, therefore, xα
uo
−→ x for a.a.α. And since (xα)
is statistical order bounded lower finite net, then there exists u ∈ E+
such that |xα| ≤ u for a.a.α, then fix the u, we have |xα − x| ∧ 2u =
|xα − x|
o
−→ x for a.a.α, therefore, xα
st−ord
−−−−→ x. 
A norm on a Banach lattice E is called order continuous if ‖xα‖ → 0
for xα ↓ 0. A Banach lattice E is called a KB-space, if every monotone
bounded sequence is convergent. A lower finite net (xα) is said to be
statistical unbounded order Cauchy, if (xα−xβ) st-uo-convergent to 0.
Let E be a Banach space and (xα) be a lower finite net in E, (xα) is
statistical norm bounded if for any C ∈ R+ there exists a λ > 0 such
that δ{α ∈ D : ‖λxα‖ > C} = 0. In Example 2.8, it is clear that
statistical norm bounded is not necessarily bounded.
According to Theorem 4.7 of [5], we decribe KB spaces by st-uo-
convergence.
Theorem 2.10. Let E be an order continuous Banach lattice. The
following are equivalent:
(1) E is KB space;
(2) every norm bounded uo-Cauchy sequence in E is uo-convergent;
(3) every statistical norm bounded st-uo-Cauchy sequence in E is
st-uo-convergent.
Proof. (1)⇒ (2) by Theorem 4.7 of [5] and (2)⇒ (3) is clearly;
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(3) ⇒ (1) Assume that E is not KB space, then E contains a sub-
lattice lattice isomorphic to c0. Let (xn) be a sequence in c0, and
xn =


nen, n = k
2(k ∈ N);
n∑
1
ei, ortherwise.
(xn) is statistical norm bounded and st-uo-Cauchy in E but it is not
st-uo-convergent. 
A sequence (xn) in Banach space E is statistical norm convergent
to x ∈ E provided that δ{n ∈ N : ‖xn − x‖ ≥ ǫ} = 0 for all ǫ > 0.
We write xn
st−n
−−−→ x. We call x the statistical norm limit of (xn). A
sequence (xn) in E is statistical weak convergent to x ∈ E provided
that δ{n ∈ N : |f(xn − x)| ≥ ǫ} = 0 for all ǫ > 0, f ∈ E
′
. we write
xn
st−w
−−−→ x. We call x the statistical weak limit of (xn). A sequence
(x
′
n) in E
′
is statistical weak* convergent to x
′
∈ E
′
provided that
δ{n ∈ N : |(x
′
n − x
′
)(x)| ≥ ǫ} = 0 for all ǫ > 0, x ∈ E. we write
x
′
n
st−w∗
−−−→ x. We call x
′
the statistical weak limit of (x
′
n).
Weak convergent sequence is st-w-convergent and statistical norm
bounded, the converse is not hold in general by Example 2.5 for (1 <
p < +∞). Now, we consider a Banach space with two properties. Let E
be a Banach space, E is said to have statistical weak convergent property
(STWC property, for short) if (xn) is statistical norm bounded and
xn
st−w
−−−→ 0 in E, then xn
w
−→ 0 for all (xn) ⊂ E. E is said to have
statistical weak* convergent property (STW ∗C property, for short) if
(x
′
n) is statistical norm bounded and x
′
n
st−w∗
−−−→ 0 in E
′
, then x
′
n
w∗
−→ 0.
Using these properties, we investigate order continuous Banach lattices
by st-uo-convergence.
Theorem 2.11. Let E be an Banach lattice:
(1) E has order continuous norm;
(2) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
x
′
α
st−uo
−−−→ 0,then x
′
α
st−σ(E
′
,E)
−−−−−−→ 0;
(3) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
x
′
α
st−uo
−−−→ 0,then x
′
α
st−|σ|(E
′
,E)
−−−−−−−→ 0;
(4) for any statistical norm bounded sequence (x
′
n) in E
′
,if x
′
n
st−uo
−−−→
0,then x
′
n
st−σ(E
′
,E)
−−−−−−→ 0;
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(5) for any statistical norm bounded sequence (x
′
n) in E
′
,if x
′
n
st−uo
−−−→
0,then x
′
n
st−|σ|(E
′
,E)
−−−−−−−→ 0.
Then (1) ⇒ (2) ⇔ (3) ⇒ (4) ⇔ (5) hold, and in addition, if E has
STW ∗C property, all are equivalent.
Proof. Since x
′
α
st−uo
−−−→ 0 ⇔ |x
′
α|
st−uo
−−−→ 0, it is clear that (2) ⇔ (3) ⇒
(4)⇔ (5).
(1) ⇒ (2) Assmue that E has order continuous norm, by Theorem
2.1 of [6], for any statistical norm bounded lower finite net (x
′
α) and
x
′
α
st−uo
−−−→ 0 in E
′
, there exists a bounded subnet (x
′
β) which asymptotic
density of index set is 1 satisfying x
′
β
uo
−→ 0,then x
′
β
σ(E
′
,E)
−−−−→ 0, hence
x
′
α
st−σ(E
′
,E)
−−−−−−→ 0.
(4)⇒ (1) For any norm bounded disjoint sequence (x
′
n) in E
′
, obvi-
ously, it is statistical norm bounded and uo-null, hence it is st-uo-null,
so x
′
n
st−σ(E
′
,E)
−−−−−−→ 0. Since E has STW ∗C property, (x
′
n) is weak* con-
vergent to zero. By Corollary 2.4.3 of [4], E has order continuous
norm. 
3. statistical unbounded convergence in Banach lattices
A net (xα) in Banach lattice E is unbounded norm (resp. absolute
weak, absolute weak*) convergent to x ∈ E if (|xα − x| ∧ u) is norm
(resp. weak, weak*) convergent for any u ∈ E+ [8, 10, 13]. We study
the statistical unbounded convergence in Banach lattice.
Definition 3.1. A lower finite net (xα) in Banach lattice E is statistical
unbounded norm convergent to x ∈ E provided that δ{α ∈ D :
∥∥|xα −
x|∧u
∥∥ ≥ ǫ} = 0 for all ǫ > 0 and u ∈ E+, we write xα st−un−−−→ x and call
x the statistical unbounded norm limit of (xα). A lower finite net (xα)
in Banach lattice E is statistical unbounded absolute weak convergent
to x ∈ E provided that δ{α ∈ D : f(|xα−x|∧u) ≥ ǫ} = 0 for all ǫ > 0,
f ∈ E
′
+ and u ∈ E+, we write xα
st−uaw
−−−−→ x and call x the statistical
unbounded absolute weak limit of (xα). A lower finite net (x
′
α) in dual
Banach lattice E
′
is statistical unbounded absolute weak* convergent to
x
′
∈ E provided that δ{α ∈ D : (|x
′
α − x
′
| ∧ u
′
)(x) ≥ ǫ} = 0 for all
ǫ > 0, x ∈ E+ and u
′
∈ E+, we write xα
st−uaw∗
−−−−−→ x and call x
′
the
statistical unbounded absolute weak* limit of (x
′
α).
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Proposition 3.2. For a lower finite net (xα) we have the following
results (the st-uaw-convergence and st-uaw∗-convergence have analogic
conclusions):
(1) st-un-limits are unique;
(2) suppose xα
st−un
−−−→ x and yα
st−un
−−−→ y, then axα+byα
st−un
−−−→ ax+by
for any a, b ∈ R;
(3) xα
st−un
−−−→ x iff (xα − x)
st−un
−−−→ 0;
(4) if xα
st−un
−−−→ x,then |xα|
st−un
−−−→ |x|;
Some subsequences of statistical unbounded convergent sequence is
not necessarily convergent.
Example 3.3. In Lp[0, 1](1 < p < +∞), let
xn(t) =


0, t /∈ [
1
2n
,
1
2n−1
];
1, t ∈ [
1
2n
,
1
2n−1
].
and
yn =


n∑
1
ixi, n = k
2(k ∈ N);
2nxn, ortherwise.
Since (xn) is disjoint sequence in order continuous Banach lattice, by
Corollary 3.6 of [7] and Proposition 2.5 of [8], so it is unbounded norm
(resp. absolute weak, absolute weak*) convergent to 0, moreover, (yn)
is statistical unbounded norm (resp. absolute weak, absolute weak*)
convergent to 0, but the subsequence (yk2) does not. We also can find
that (yn) is not statistical norm (resp. absolute weak, absolute weak*)
convergent and unbounded norm (resp. absolute weak, absolute weak*)
convergent.
In Example 3.3, we know that st-un(resp. uaw, uaw∗)-convergence
is not necessarily un(resp. uaw, uaw∗)-convergence. When does the
st-un(resp. uaw, uaw∗)-convergence imply un(resp. uaw, uaw∗)-
convergence? It is similar to Proposition 2.6 and 2.7, we have the
following results.
Lemma 3.4. Let (xα) be a lower finite net in Banach lattice E. Then
(xα) is st-un(uaw, uaw
∗)-convergent to x ∈ E if and only if there is
another lower finite net (yα) such that xα = yα for a.a.α and which is
un(uaw, uaw∗)-convergent to the same limit x.
Proposition 3.5. For a monotonic lower finite net (xα) in Banach
lattice E, we have the following result:
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(1) un-convergence and st-un-convergence agree.
(2) uaw-convergence and st-uaw-convergence agree.
(3) uaw∗-convergence and st-uaw∗-convergence agree.
Proof. (1) Suppose that xα ↑ and xα
un
−→ x. Since xβ − xα ∈ E+ for all
β ≥ α, because lattice operation of un-convergence is continuous, so
(xβ − xα)(β) = (xβ − xα)
+
(β)
un
−→ (x − xα)
+, hence x − xα ≥ 0 for all α.
If x is not supremum, then assume that y ∈ E such that xα ≤ y ≤ x
for all α ∈ D, it follows that
xα = xα ∧ y
un
−→ x ∧ y = y
Hence, y = x, so x = supα∈D xα.
According to proof of Proposition 2.7, if a lower finite net (xα) in a
Banach lattice E is increasing and statistical unbounded norm conver-
get to x ∈ E, then x = supα∈D xα.
Now, assume that xα
st−un
−−−→ x and xα ↑, we have x = supα∈D xα.
Hence there exists a B ⊂ D, all β ∈ B and δ(B;D) = 1 such that (xβ)
is a subnet of (xα) with supβ∈B xβ = x and xβ
un
−→ x. For any ǫ > 0,
u ∈ E+, choose a β0 such that
∥∥|xβ0 − x| ∧ u∥∥ < ǫ. Then, for any
α > β0, we have
0 ≤ |x− xα| ∧ u ≤ |x− xβ0| ∧ u
This shows ∥∥|x− xα| ∧ u∥∥ ≤ ∥∥|x− xβ0 | ∧ u∥∥ < ǫ
Hence, xα
un
−→ x.
The proof of (2) and (3) is similar. 
In an order continuous Banach lattice, it is easy to check that st-uo-
convergence implies st-un-convergence. So we can describe KB space
by statistical unbounded norm convergence. The following result is
similar to Theorem 2.10.
Theorem 3.6. Let E be an order continuous Banach lattice. The
following are equivalent:
(1) E is KB space;
(2) every norm bounded uo-Cauchy sequence in E is un-convergent;
(3) every statistical norm bounded st-uo-Cauchy sequence in E is
st-un-convergent.
According to Example 3.3, st-un (resp. st-uaw, st-uaw∗)-convergence
is not necessarily st-n (resp. st-aw, st-aw∗)- convergence. It is natural
to ask when the st-un (resp. st-uaw, st-uaw∗)-convergence imply st-n
(resp. st-aw, st-aw∗)- convergence? It is clear that the st-un (resp.
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st-uaw, st-uaw∗)-convergence is the same as st-n(resp. st-aw, st-aw∗)-
convergence for statistical order bounded lower finite net.
By Theorem 2.3 of [9], the following holds.
Proposition 3.7. Let E be a Banach lattice with strong order unit,
then the lower finite net (xα) in E is st-norm convergent if and only if
it is st-un-convergent.
By Lemma 2 of [9], every disjoint lower finite net is uaw-null, hence
it is st-uaw-null, moreover it is st-uaw∗-null. Using the result, we
can describe order continuous and reflxive Banach lattice by statistical
unbounded convergence.
Theorem 3.8. Let E be an Banach lattice:
(1) E has order continuous norm;
(2) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
x
′
α
st−uaw∗
−−−−−→ 0,then x
′
α
st−σ(E
′
,E)
−−−−−−→ 0;
(3) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
x
′
α
st−uaw∗
−−−−−→ 0,then x
′
α
st−|σ|(E
′
,E)
−−−−−−−→ 0;
(4) for any statistical norm bounded sequence (x
′
n) in E
′
,if x
′
n
st−uaw∗
−−−−−→
0,then x
′
n
st−σ(E
′
,E)
−−−−−−→ 0;
(5) for any statistical norm bounded sequence (x
′
n) in E
′
,if x
′
n
st−uaw∗
−−−−−→
0,then x
′
n
st−|σ|(E
′
,E)
−−−−−−−→ 0.
Then (1) ⇒ (2) ⇔ (3) ⇒ (4) ⇔ (5) hold, and in addition, if E has
STW ∗C property, all are equivalent.
Proof. Since x
′
α
st−uaw∗
−−−−−→ 0 ⇔ |x
′
α|
st−uaw∗
−−−−−→ 0, it is clear that (2) ⇔
(3)⇒ (4)⇔ (5).
(1) ⇒ (2) Suppose that E has order continuous norm, by Theorem
2.15 in [13], for any statistical norm bounded lower finite net (x
′
α)
and x
′
α
st−uaw∗
−−−−−→ 0 in E
′
, there exists a subnet (x
′
β) which asymptotic
density of index set is 1 satisfying x
′
β
uaw∗
−−−→ 0,then x
′
β
σ(E
′
,E)
−−−−→ 0, hence
x
′
α
st−σ(E
′
,E)
−−−−−−→ 0.
(4)⇒ (1) For any norm bounded disjoint sequence (x
′
n) in E
′
, from
the above, we know it is statistical norm bounded and st-uaw∗-null,
so x
′
n
st−σ(E
′
,E)
−−−−−−→ 0. Since E has STW ∗C property, (x
′
n) is weak* con-
vergent to zero. By Corollary 2.4.3 of [4], E has order continuous
norm. 
The following result is the dual version of Theorem 3.8.
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Theorem 3.9. Let E be an Banach lattice:
(1) E
′
has order continuous norm;
(2) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
xα
st−uaw
−−−−→ 0,then xα
st−σ(E,E
′
)
−−−−−−→ 0;
(3) for any statistical norm bounded lower finite net (x
′
α) in E
′
,if
xα
st−uaw
−−−−→ 0,then xα
st−|σ|(E,E
′
)
−−−−−−−→ 0;
(4) for any statistical norm bounded sequence (xn) in E,if xn
st−uaw
−−−−→
0,then xn
st−σ(E,E
′
)
−−−−−−→ 0;
(5) for any statistical norm bounded sequence (xn) in E,if xn
st−uaw
−−−−→
0,then xn
st−|σ|(E,E
′
)
−−−−−−−→ 0.
Then (1) ⇒ (2) ⇔ (3) ⇒ (4) ⇔ (5) hold, and in addition, if E has
STWC property, all are equivalent.
Corollary 3.10. For Banach lattice E, then st-uaw-convergence and
st-w-convergence are agree for sequence, if one of the following condi-
tions is valid:
(1) E is AM-space;
(2) E is atomic, E and E
′
is order continuous.
Proof. Since AM-space and atomic Banach lattice with order continu-
ous norm have lattice operation weakly sequence continuous property,
so st-w-convergence implies st-uaw-convergence. For the reverse, the
dual space of AM-space is AL-space which is order continuous, hence
st-uaw-convergence implies st-w-convergence. 
Theorem 3.11. For Banach lattice E, the following are equivalent:
(1) E is reflexive;
(2) every statistical norm bounded st-uaw-Cauchy sequence in E is
statistical weakly convergent;
(3) every statistical norm bounded st-un-Cauchy sequence in E is
statistical weakly convergent;
(4) every statistical norm bounded st-uo-Cauchy sequence in E is
statistical weakly convergent.
Proof. (1)⇒ (2) Since E is reflexive, then E and E
′
are KB space, so
we have every statistical norm bounded st-uaw-Cauchy sequence in E
is statistical weakly Cauchy. Since E is KB-space, so it is statistical
weakly convergent.
(2) ⇒ (1) We show that E contains no lattice copies of c0 or l1.
Suppose that E contains a sublattice isomorphic to l1. The (xn) of l1
which is in Example 2.5, it is st-uaw convergent to zero and statistical
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norm bounded but it is not statistical weakly convergence. Suppose
that E contains a sublattice isomorphic to c0, the (xn) of c0 which is
in the proof of Theorem 2.10, it is st-uaw-Cauchy sequence, but it is
not weakly convergence, so we have the conclusion.
(2)⇒ (3) Since un-convergence implies uaw-convergence, so we have
the conclusion.
(3)⇒ (1) E contains no sublattice isomorphic to c0 or l1, the proof
is similarily to (2)⇒ (1).
(1)⇔ (4) the proof is similar to (1)⇔ (2). 
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